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Motivation

These are general geometric properties encountered 
in the proofs of several theorems that state 
topological faithful reconstructions of manifolds 
as well as more general subsets of Euclidean 
space by simplicial complexes  

• Reach,  
• metric distorsion, 
• variation of tangent space
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Reach of a closed set C  
« infimum of distances between C and its medial axis»
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• Introduced by Herbert Federer (Curvature Measures 
1959): classe of sets with positive reach allow to 
define curvature measures beyond smooth case.
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• Used again in the context of manifold reconstruction 
with topological guarantees : Amenta et al. (lfs), 
Boissonnat et al., Dey et al., Niyogi et al.

• A set is convex iff. its reach is infinite



Reach

The reach is one way (among others) to 
bound the size of topological features.

The Reach
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Metic distorsion is another way to 
bound the size of topological features.
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Corollary: geodesic convexity
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For a contradiction assume a minimizing geodesic 
goes outside the ball with radius r’ < rch S:



proof of geodesic convexity
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Focus on the path between a’ and b’.

The projection on the sphere with 
radius r’ decreases lengths and:

A contradiction with the theorem inequality.

For a contradiction assume a minimizing geodesic 
goes outside the ball with radius r’ < rch S:
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First the easy direction: 
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Proof of Theorem 1
Now the less trivial direction: 

We use two results from H. Federer:

2) Projection is Lipschitz:

Medial axis
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A first idea consists in applying the Lipschitz 
constant on the projection of the straight line: Medial axis
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Unfortunately, even if this bounds the 
geodesic length, the bound is not tight.



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

rch S

a b

But this works :

Step 0
m



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

rch S

a b

But this works :

Step 1
m

pr(m)



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

rch S

a b

But this works :

Step 1



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

rch S

a b
pr(m)

m

But this works :

Step 2



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

rch S

a b

But this works :

Step 2



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

rch S

a b

But this works :

Step 3



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

rch S

a b

But this works :

Step 3



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

rch S

a b

But this works :

Step 4



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

rch S

a b

But this works :

Step 4



Proof of Theorem 1
Now the less trivial direction: 

Medial axis

S

pr(x)x



Proof of Theorem 1
Now the less trivial direction: 



Proof of Theorem 1
Now the less trivial direction: 



Embedded manifolds with positive reach
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Tangent variation on Manifolds
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Tangent variation on Manifolds

u(0)
u(l)



A pictorial proof



Thank you



Medial Axis and Reach

Medial axis of an open set O: 
 « set of points in O who have at least two closest points 
on the boundary of O »

Medial axis of a closed set C  
= Medial axis of complement of C: 
« set of points who have at least two closest points in C »

Reach of a closed set C  
« infimum of distances between C and its medial axis»
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